We study conditions on general fluxes of massive Type IIA supergravity that lead to four-dimensional backgrounds with N = 1 supersymmetry. We derive these conditions in the case of SU(3)-as well as SU(2)-structures. SU(3)-structures imply that the internal space is constrained to be a nearly Kähler manifold with all the turned on fluxes, and the negative cosmological constant proportional to the mass parameter, and the dilaton fixed by the quantized ratio of the three-form and four-form fluxes. We further discuss the implications of such flux vacua with added intersecting D6-branes, leading to the chiral non-Abelian gauge sectors (without orientifold projections). Examples that break SU(3)-structures to SU(2)-ones allow for the internal space conformally flat (up to orbifold and orientifold projections), for which we give an explicit example. These results provide a starting point for further study of the four-dimensional (chiral) N = 1 supersymmetric solutions of massive Type IIA supergravity with D-branes and fluxes, compactified on orientifolds.
Introduction
Insights into four-dimensional N = 1 supersymmetric vacua of M-and string theory with non-Abelian gauge sectors and chiral matter may provide an important link between the M-theory and the particle physics, describing the Standard Model and/or Grand Unified models. Within M-theory unification the perturbative heterotic string is only one of the "corners" of M-theory. Other corners, such as Type I, Type IIA and Type IIB superstring theory provide other, potentially phenomenologically viable string vacua, which are related to the heterotic ones via a web of string dualities. In the latter framework D-branes play an important role in constructing chiral models with non-Abelian symmetry.
The rich structure of N = 1 supersymmetric vacua can be significantly increased by introducing, in addition to brane configurations, the (supergravity) fluxes. [There is a growing literature on the subject of string compactifications with fluxes which was initiated in [1, 2] . A partial list of subsequent works includes, e.g., [3] - [9] , and for recent work, quantifying effects in terms of deformations of the original manifold (G-structures) [10] , see [11] - [27] and references therein.] Typically fluxes generate a back reaction on the original geometry of the internal space, thus changing the nature of the internal space. The existence of Killing spinors in turn allows for the classification of the new geometry of the internal space in terms of specific non-trivial torsion components, which can be classified with respect to the structure group of the internal space (the so-called G-structures). [For a review see [16] and references
therein.]
Another important effect of supergravity fluxes is the lift of the continuous moduli space of the string vacua, i.e, fluxes introduce the supergravity potential for the compactification moduli fields in the effective four-dimensional theory. The ground state solution, at the minimum can in principle preserve supersymmetry and at the same time fix a (sub-)set of compactification moduli. [For the intriguing new developments in the study of flux vacua with broken supersymmetry, see [28, 29, 30, 31] and references therein.] Thus, on one hand, the flux compactifications provide a mechanism for moduli stabilization, one essential ingredient in the construction of phenomenologically viable string vacua, and on the other hand, the (probe) D-branes sectors provide the non-Abelian gauge structure and chiral matter, another essential ingredient in reproducing the realistic particle physics from M/string theory. Therefore the ultimate goal of the program is to obtain consistent, explicit constructions of (supersymmetric) flux vacua with D-brane configurations, whose fluxes would stabilize (most/all) moduli and the D-branes would reproduce the gauge structure and chiral matter of the Standard/Grand-Unified models. If such a goal were achieved, it would provide an important link between M-theory and realistic particle physics.
The aim of this paper is to address a specific aspect of this program. We focus on the systematic study of the supersymmetry conditions for general fluxes of massive Type IIA string theory, that yield four-dimensional N = 1 supersymmetric vacua.
This study is part of the program that aims at shedding light on the structure of [32, 33] with semi-realistic particle physics [34, 35, 36] .
[For first N =1 supersymmetric constructions of that type see [37, 38] .] Within this framework important consequences for particle physics are due to the appearance of chiral matter at the D6-brane intersection points in the internal space [39, 40] . ] It turns out that the structure of the possible flux configurations in Type IIA theory is very rich and the constraints are not well understood. One should contrast this situation with that of four-dimensional N = 1 supersymmetric solutions of Type IIB theory with fluxes, which is much better understood. See, [7] and further work [41, 42] as well as recent efforts [43, 44] to construct supersymmetric chiral models with (magnetized) branes and fluxes.
On the Type IIA side specific progress has nevertheless been made. In Ref. [18] the N = 1 supersymmetric vacuum given by intersecting D6-branes in the presence of NS-NS three-form fluxes for the massive TypeIIA supergravity was studied. Background fluxes induce, via back reaction on the geometry, non-zero intrinsic torsion components or G-structures. The presence of NS-NS three-form fluxes breaks the SU(3) structures to SU (2) and the D6-branes intersect at angles of SU(2) rotations; non-zero mass parameter corresponds to D8-brane configurations which are orthog-onal to the common cycle of all D6-branes. The anomaly inflow indicates that the gauge theory on intersecting (massive) D6-branes is not chiral [18] . Recent work [19] (see also [13, 17, 21, 27] ) that focuses on a relationship between the constraints on fluxes of M-theory and those of Type IIA theory provide additional insights into specific structure of the supersymmetric flux configurations in massless Type IIA string theory.
Most recently, in [23] , further progress has been made in this direction by analyzing the general supersymmetry constraints for four-dimensional N =1 supersymmetric vacua of massive Type IIA supergravity where the Killing spinor is a SU(3) singlet, and thus the internal manifold has SU(3) structure. The result turned out to be extremely constraining, with the internal geometry corresponding to nearly-Kähler manifolds, with all the allowed fluxes proportional to the mass parameter, and the dilaton determined by a ratio of the (quantized) fluxes. The four-dimensional negative cosmological constant is also determined by the mass parameter and the dilaton field, and thus in the weak string coupling limit becomes small. There are explicit examples of nearly-Kähler manifolds with supersymmetric (intersecting) three cycles that the D6-branes can wrap; such backgrounds can therefore provide consistent string compactifications, without orientifold planes, where the non-Abelian chiral sector of the theory arises from the intersecting D6-branes wrapping the supersymmetric threecycles, while the compactification moduli and the dilaton are fixed due to the turned on fluxes.
In this paper we advance a number of aspects of flux compactifications for supersymmetric vacua of massive Type IIA supergravity theory. We develop general techniques to study effectively the supersymmetry conditions with the most general spinor Ansatz in the case of both, SU(3) and SU(2) structures (Sections 2 and 3, respectively). In Sections 4 and 5 we explicitly derive the conditions on fluxes and geometry for SU(3) and SU(2) structures, respectively. In Section 4 we explicitly derive that the results of [23] , provide a unique solution with the SU(3) structure, whose internal geometry corresponds to the nearly-Kähler manifold, and all the turned on fluxes and the four-dimensional negative cosmological constant are proportional to the mass parameter. In Section 5 we explicitly derive a solution with SU(2) structure where the four-dimensional space is Minkowski and the internal space is conformally flat one. The SU(2) structure of such solutions singles out the T 2 direction and we assume that all the field and metric coefficients depend only on the T 2 fiber coordinates. This solution has very interesting implications: the flux vacuum with the internal space conformally flat (with orbifold and orientifold projections) allows for explicit constructions of intersecting D6-brane configurations for which the gauge and chiral spectrum can now be calculated explicitly, using conformal field theory techniques. Section 6 is further devoted to the study of important physics implications for the vacuum solutions with the SU(3) structure, in particular the specific examples of the nearly-Kähler internal geometry with supersymmetric intersecting three-cycles that allows for the consistent vacuum solutions with chiral non-Abelian gauge sectors.
In addition, we also highlight a possibility to address the vacuum selection with the positive cosmological constant within this framework.
Fluxes and supersymmetry transformation in massive type

IIA string theory
In this Section we shall spell out our notation, the relationships between the gauge potential and field strengths and the form of supersymmetry transformations in massive Type IIA supergravity theory. The notation and conventions are primarily following the work of Romans [45] ; our notations are also explained in [18] .
Bosonic fields In massive Type IIA string theory, the NS-NS 2-form and the RR 1-form potential combine into a gauge invariant (massive) 2-form given by (for convention see [46] )
and the 4-form becomes
were C is the RR 3-form potential. Due to the Chern-Simons terms, both forms are not closed but
For the sake of notational simplicity we suppressed a subscript indicating the n-index of a specific n-form. In the massless limit (m = 0) one gets
Note, only in the massless case the 2-form F = F (0) = dC 1 is exact.
Supersymmetry transformations Unbroken supersymmetry requires the existence of at least one Killing spinor ǫ, which is fixed by the vanishing of the fermionic supersymmetry transformations [for a purely bosonic configuration, the variations of the bosons vanish trivially]. These variations have been first setup for massive type IIA supergravity in Einstein frame [45] , but we will use the string frame and the fermionic variations become [46] 
and we used the abbreviations
Apart from the differential forms that we introduced already, the mass parameter is denoted by m and φ is the dilaton. In type IIA supergravity, the Killing spinor ǫ is Majorana and can be decomposed into two Majorana-Weyl spinors of opposite chirality. The massless case can be lifted to M-theory and this Majorana spinor becomes the 11-dimensional Killing spinor. We will come back to our spinor convention below.
Ansatz for the Metric and field strength We are interested in compactifications on to a 4-d spacetime that is either flat or anti deSitter, i.e. up to warping the 10-d space time factorizes M 10 = X 1,3 × Y 6 and we write the metric Ansatz as
where g µν is either flat or AdS 4 and h mn is the metric on Y 6 and the warp factors depend only on the coordinates of the internal space. An especially interesting question, which we will address in more detail below, are the constraints that allow for a flat internal/external space. Consistent with this metric Ansatz is the assumption that the fluxes associated with the forms F and H have non-zero components only in the internal space Y 6 whereas G may have in addition a Freud-Rubin parameter λ:
Note, all forms as well as the warp factor and the dilaton are in general functions of coordinates y m of the the internal space. With these Ansätze the gravitino variation splits into an external and internal part and with
where (∇ µ , ∇ m ) are the covariant derivatives with respect to the metrics (g µν , h m,n ) and we defined the rescaled forms
In order to proceed, we decompose the Γ-matrices as usual breaking. Actually, non-zero fluxes correspond to specific torsion components and the corresponding relations between fluxes and torsion will be derived in the next section. But let us now discuss in more detail the SU(3) and SU (2) case.
SU(3) structure
In this case, we have a single internal spinor η and the external spinor can be any Dirac spinor, which can be decomposed into two Weyl spinors of opposite chirality.
Therefore, the spinor Ansatz becomes
with the complex coefficients c i (i = 1, 2) andγ 5 θ i = (σ 3 η) i where σ 3 is third Pauli matrix 3 . In our notation the complex conjugate spinors θ ⋆ i have opposite chiralities and hence the truncation to an N =1 vacuum is done by
which is consistent with the Weyl property. Setting θ 1 = θ, the spinor Ansatz for an N =1 vacuum becomes On the other hand, the SU(3) singlet spinor is Weyl and we choose
with η 0 being a constant spinor. Being an SU(3) singlet spinor, η satisfies the projec-
3 With the usual definition:
where the complex structure and the holomorphic 3-form are introduced by
[with 1 = η † η]. Note, these are the only differential forms that can be constructed from a single chiral spinor and for non-zero fluxes they are not covariantly constant nor closed and this failure is related to non-vanishing intrinsic torsion components.
Following the literature [47, 12, 14, 15] , one introduces five classes
with the constraints:
Depending on which torsion components are non-zero, one can classify the geometry of the internal space.
E.g., if only W 1 = 0 the space is called nearly Kähler, for W 2 = 0 almost Kähler, the space is complex if W 1 = W 2 = 0 and it is Kähler if only W 5 = 0.
SU(3) decomposition of fluxes
This decomposition is done by employing the holomorphic projector:
distinguish between holomorphic and anti-holomorphic indices. We will indicate this by the labels at the forms, but let us stress that this makes sense only locally. Since the internal space is in general not a complex manifold, one cannot introduce global holomorphic forms.
On the 6-dimensional internal space Y 6 , the 4-form G and the 2-form F have 15
and the 3-form 20 components, which decomposes as follows
with the singlet G Similarly, the components of the 2-form F decomposes as
with the singlet: F
(1,1) 0 = J F , the vectors F (2,0) = F Ω and its complex conjugate.
The remaining components represent an adjoint of SU(3) satisfy:
Finally, the 3-form decomposes as
where the singlets are now: H (3,0) = Ω H and its complex conjugate; the two vectors
are the two holomorphic projections of the (real) vector: J H and the 6 +6 are the primitive (2,1) and (1,2) forms fulfilling H ∧ J = 0.
SU(2) structure
If the structure is broken to SU(2), one finds two singlet spinors η k and we choose them of opposite chirality, i.e.
In addition there two external Dirac spinors θ i and in order to obtain an N =1 vacuum we have to impose projectors. As for the SU(3) case, we can first truncate each Dirac spinor into one Weyl spinor and write as in (3.2)
where a i , b i are complex coefficients. Now, the truncation to N =1 is given by the following projectors obeyed by the 4-d spinors
so that both spinors have the same chirality and moreover
Here, θ is a single Weyl spinor, but if we set in (3.11): a 1 = b 1 = c 1 and a 2 = −b 2 = i c 2 , this spinor becomes: ǫ = c 1 θ With these spinors, we define the following differential forms
where γ (n) ≡ γ m 1 m 2 ···mn . Each of this form is a 2 × 2 matrix and in the following we will use a matrix notation in terms of Pauli matrices. The spinors are normalized and chiral so that
We recover the SU(3) expressions in (3.5) by setting v = 0 SU(3) case :
which does not allow for a vector. But in the SU(2) case one can construct two vectors, which can be combined into one complex vector: 
and hence we get for the 1-forms
With this 1-form, the spinors η k satisfy the projectors
The existence of the (complex) vector implies, that the 6-d internal space is locally a complex line bundle over a 4-d base space. We find for the 2-forms
Similar to the SU(3) case, J (0) is an almost complex structure on the base and can be used to project onto holomorphic and anti-holomorphic components. In addition, (3) case, but actually all three 2-forms are on equal footing and one can also pick another one. The two spinors satisfy moreover the relationŝ
[recall, we are using a matrix notation and we have the doublet spinor η ≡ (η 1 , η 2 )].
There is no 3-form on the base and hence all 3-forms have to have one leg in the fiber and we find
The 4-and 5-forms are dual to the 2-and 1-forms. where one has however to take into account the multiplication with σ 2 . For the 4-forms one finds
and the 5-forms read
As in the SU(3) case, these forms are not closed if fluxes are present, which again is related to non-vanishing torsion components.
For the SU(3) case the geometry was described by the almost complex structure J and the holomorphic 3-form Ω. Here in the SU(2) case, the 6-d geometry is fixed by the triplet (v, J (0) ,Ω (2, 0) ). If all fluxes vanish, the SU(3) case corresponds to a Calabi-Yau space whereas the SU(2) case yields a factorization of the internal space into T
The 4-dimensional spinor θ is chiral and therefore all terms coming with θ and θ ⋆ have to vanish separately. If we collect all terms O(θ), the variations (2.8) become
The complex conjugate of these equations yield the terms coming together with θ ⋆ .
Fluxes and geometry for SU(3) structures
Now we have all the tools to explore in detail the Killing spinor equations. With SU(3) structures, the internal spinor reads
A special case is if χ is chiral, i.e. a or b is zero and the 10-dimensional spinor ǫ is Majorana-Weyl. Another special case would be b ⋆ = a, where the 4-d spinor is
Majorana. Let us discuss the different cases separately.
Weyl case
Setting b = 0 (or a = 0), the lhs and rhs of the equations (3.19) -(3.21) have opposite chirality and have to vanish separately! One finds the same constraints as the one derived for m = 0 in [21, 19] , namely:
The vanishing of F and G follows from the internal variation (3.21), which yields after using the expression in (3.4)
By taking the trace, the singlet F which is in contradiction with the relation derived from the internal variation. Therefore one has to infer: λ = λ = 0, m = 0.
Contracting the lhs of (3.19) with η T and η † one gets moreover that: W = 0 and hence: dA = 0. So, all RR fields have to be zero, but the NS-H-field can still be non-zero. Setting A = 0, we find from the dilatino variation (3.20) .2) i.e. the dilaton is fixed by H . These H-field components enter the differential equation fixing the Killing spinor and by investigating the torsion classes one finds that the internal space is in general non-Kählerian [47, 15] .
In summary, if the 10-d spinor is Majorana-Weyl or equivalently if ab = 0 in our spinor, the mass and all RR-fields have to vanish:
and only the fields from the NS-sector can be non-trivial. The holomorphic part
fixes the dilaton and the internal space is non-Kählerian.
One might have expected this result, because the NS-sector is common to all string models, and a common solution can only be described by one 10-d Majorana-Weyl (Killing) spinor. An explicit example that solves these equations is the NS5-brane supergravity solution, but there are also other examples [1, 15] .
Majorana case
Another interesting case is given by a = b ⋆ , where 4-dimensional spinor aθ + bθ ⋆ in (3.12) is Majorana. This implies that the 10-d spinor cannot be Weyl and hence corresponds to the more generic situation for type IIA models. In this case
and we can separate the real and imaginary part of the equations (3.19) -(3.21), which will give us two sets of equations. This case has been discussed already in [23] , but since our notation here differ, let us summarize this case.
If we define a = re iα and W = e 2iα (W 1 + iW 2 ) with W 1 and W 2 real, the first set
With the formulae in (3.4), the first two equations give: G 
with
which are the singlet components under an SU(3) decomposition. With (4.4) and (4.5) we find for these singlets
The remaining components in G m and H m in (4.6) cannot cancel, due to the different holomorphic structure and therefore have to vanish. Note, all components of G and
n by different chiral projections. E.g. the (1,1) part inĤ mn are the 1 +1 (ie. H (3, 0) and H (0,3) ) and the (2,0) + (0,2) components are in total 3 × 3 = 9 complex or 18 = 6 + 3 +6 +3 real components; see also (3.9).
The remaining equations obtained from (3.19) -(3.21) are
These are differential equations for the warp factors, the dilaton and additional constraints on the W 1/2 , λ as well as F
(1,1) 0
. One finds 13) and moreover
But it is not enough to consider the supersymmetry variation, one has also to ensure that the 10-d equations of motion for G and H are solved as well as the Bianchi identities. The only solution that we found requires [23] 
with constant G 0 , H 0 given by (4.9) and F 0 by (4.13). Note, A being constant, they can be scaled away and we can set A = 0 from the very beginning. Thus, eq. (4.9)
implies that the dilaton is fixed by the ratio of the (quantized) fluxes
The differential equation for the spinor becomes finally In the limit of vanishing mass, our solution becomes trivial, i.e. all fluxes vanish and the internal space becomes Calabi-Yau. There is however no direct limit to massless configurations related to intersecting D6-branes, for which the torsion classes are:
The differential equation of the spinor can be solved by a constant spinor if one imposes first order differential equations on the Vielbeine e n ω pq J pq = 0 , ω pq Ω pq n = − Kähler form, that defines our vacuum completely, is then given by J mn = ϕ mn7 .
Generic case
If the complex coefficients a and b are generic, the solution becomes more involved.
Recall, in the cases discussed before either the mass parameter had to vanish or the external space cannot be flat and one might wonder whether this generic case allows for flat space vacuum with non-zero mass parameter and therefore go beyond solutions obtained from M-theory.
We need to consider only the singlets of the fluxes, because they are related to the mass parameter or generate a non-zero cosmological constant (or superpotential).
If F = F 0 J + . . . and G = G 0 J ∧ J + . . . and setting W = 0, we find from (3.19) that F 0 = 0 and m ∼ G 0 . Then, the dilaton variation in (3.20) gives, up to a real coefficient, the equation
Using (3.4), we find for singlet parts of H: (H Ω)
. These equations are consistent only, if
Hence, a and b differ only by a phase (ie. a = re iα , b = re iβ ) and we can write the spinor Ansatz
This however, is equivalent to the Majorana case discussed before and therefore, by investigating the internal variation, we will find again, that nontrivial fluxes are only possible if the mass parameter vanishes or if the cosmological constant is non-zero.
Fluxes and geometry for SU(2) structures
In the case of SU(2) structures the internal spinor, entering (3.19) -(3.21), becomes
and for the sake of simplicity we will further drop the index i and keep in mind, that a and b are now vectors and η is a spinor doublet. Solutions with SU(2) structures are in general very involved, and at this stage we shall not discuss the most general case. In contrast with the unique solution that we found for SU(3) structures, we are now interested in finding a specific flux vacuum whose 4-d space-time is conformally Minkowski space and the internal space is conformally flat. Therefore, we will set in the following W = λ = 0 and write the metric as
where ∂ u and ∂ v are the two (global) vectors that we introduced before. The internal metric becomes therefore: h mn = e 2(B−A) δ mn and in the definition of F , G and H in (2.9) we have to replace: A → B. The existence of a flat vacuum with an internal Calabi-Yau space has been suggested in [19] , but it was unclear whether it can also be made flat. As we will show now, there exist in fact such a vacuum and the fields can be given explicitly.
For our solution, the warp factors and the dilaton depend only on the coordinates u and v so that
With the (massive) 2-form F also the H-and G-flux is fixed (we assume here that by the two complex coordinates (z 1 , z 2 ), which allows in total for six 2-forms: three are the SU(2) singlets J 0 , ReΩ, ImΩ and in real coordinates they can be chosen to be selfdual. In addition there are three anti-selfdual 2-forms, which are, in respect to the symplectic form J 0 , primitive and of (1,1)-type. Each set, the selfdual and antiselfdual forms obey a quaternionic algebra and one finds that the 2-form components along each of the three selfdual and three anti-selfdual are equivalent and therefore we will pick just one selfdual and one anti-selfdual component and write
where the constant f 0 parameterize the SU(2) singlet part and the f 1 parameter is related to a primitive (1,1)-part of F . Then, 3-and 4-form (recall C 3 = 0) become 
With the relations (3.16) and
F ∧ F , which is proportional to the volume form and both terms of F enter with the opposite sign. In the BPS equations these terms can cancel only if we impose another constraint on a, namely .7) i.e. a is an eigenvector to σ 1 . This fixes the vector a and due to (5.4) also b, up an overall factor and the expression in (5.6) can be expressed in terms of the original spinor χ and we get
(5.8)
Therefore we find from (3.20) A by B and find
These two sets of equations fix the dilaton φ and B, which in turn, due to (5.5), fixes the warp factor A.
There is still one set of equations left, which are the remaining components of the internal variation (3.21) (we solved so far only the (u, v)-part). If we contract this equation with γ m , we find Note, the mass parameter m drops out on both side and is still a free parameter.
We assumed here that the 2-form F has one selfdual and one anti-selfdual component only. In general one would write F = e 2B [f i ω i +f jω j ], where ω i are the three self-dual 2-forms andω j are the three anti-selfdual 2-forms. The calculation becomes more involved, but at the end one gets the same equations with the only difference that: f 0 → ± √ f i f i and f 1 → ± f jfj . This result might have been expected, because the two sets of two forms satisfy a quaternionic algebra and can be rotated into one another.
Finally, let us also discuss the equations of motion [since we give the 2-form explicitly, the Bianchi identities are trivially solved]. In the string frame they are given by
Note, the rhs of the G-equation is zero because G as well as H have only internal components and since ⋆ G ∼ du ∧ dv, the 4-form equation is trivially solved for our choice of A and B. On the other hand, in order to verify the H-field equation one writes the lhs in components as
where F pq was the constant 2-form (without the factor e 2B ) and one uses our equations that imply that B is harmonic and [13, 19] . Our interest is in finding vacua with SU(3) structures with non-zero mass [23] . In this case one is forced to add a cosmological constant (or superpotential). As we have demonstrated, in this case the internal space has to be nearly Kähler, which are Einstein and compact (for positive scalar curvature). In the following we shall discuss specific explicit examples and their physics implications in more detail.
Fluxes and massive D2-brane
The cone over any nearly Kähler manifold gives a 7-manifold with G 2 holonomy [48] , but due to the mass parameter, we cannot identify the 7 th direction as the M-theory circle. One should instead identify this additional coordinate as the radial direction of the (external) AdS space. The 10-d metric can thus be interpreted as the geometry of a massive D2-brane where the transversal space has G 2 holonomy with non-zero fluxes. In the string frame, the metric becomes
where dΩ (N K) is the 6-dimensional nearly Kähler metric. Our solution with four unbroken supercharges corresponds to the case where H ∼ (m r) −4 with constant dilaton so that the space factorizes into AdS 4 × Ω (N K) . This might be a specific limit of a more general solution, which either preserve only two supercharges, i.e. gives an N =1 vacuum in 3 dimensions, or the complete solution breaks the SU(3) to SU(2)-structure. This is very natural for (non-conical) G 2 -holonomy spaces, because these 7-d spaces admit always for SU(2) structures [49] . Examples of such 2-brane solutions in the presence of fluxes are discussed in [50] or in M-theory in [51] , which are however not directly related to our solution, which has a non-zero mass parameter and which has a fixed (constant) dilaton. It would be interesting to explore this direction in more detail, but let us instead discuss some examples of nearly Kähler spaces.
Starting with the corresponding G 2 -holonomy space, one can obtain explicit expressions for the metric and the almost complex structure J of the nearly Kähler 6-manifold; see [52, 53] . There are only a few known coset examples, which are discussed in more detail in [54, 55] .
≃ S 6 This is a standard example of a nearly Kähler space, where the cone becomes the flat 7-d space. Note, one can express the 6-sphere also by the coset SO(7)/SO(6) which however breaks supersymmetry.
(ii)
The corresponding G 2 -holonomy space is an Ê 3 bundle over S 4 and hence it is the SO(5) invariant metric of È 3 appearing here and not the SU(4)-invariant, which is Kähler (instead of nearly Kähler) and hence would break supersymmetry.
The cone over this space gives the G 2 -holonomy space related to an Ê 3 bundle over È 2 and therefore the 6-d metric is SU(3)-invariant. This space is isomorphic to the flag manifold, which again allows for another metric which is Kähler and would break supersymmetry.
≃ S 3 × S 3 In constructing this coset, there are different possibilities of modding out the SU(2) and the nearly Kähler space appearing in our context is obtained by a diagonal embedding yielding as G 2 manifold an Ê 4 bundle over S 3 .
Actually there is a whole class of known non-homogeneous examples, which are obtained from G 2 manifold given by an Ê 3 bundle over any 4-d self-dual Einstein space, where the nearly Kähler space becomes an S 2 bundle over the 4-d Einstein space, which is also known as the twistor space; (i) and (ii) are just the simplest (regular) examples in this class of solutions; other examples can be found in [56, 57] .
The appearance of the 4-d base manifold in these G 2 holonomy spaces also explains, why one should expect only SU(2) structures for the complete (massive) D2-brane solution mentioned at the beginning of this section.
Fluxes and intersecting branes
An interesting question is whether this flux vacuum can support a chiral gauge field theory. On the IIA side there are different candidates giving rise to a 4-dimensional field theory: wrapped D4-, D6-or D8-branes. In addition to these D-branes one can also include NS5-branes, which in the massive case have to be endpoints of D6-branes or D4-branes. But before we discuss NS5-branes we will explore the situation where we have added only D-branes in the background of the flux vacuum solution.
Consider first the field theory on (closed) D4-branes, which wrap a 1-cycle inside the nearly Kähler space. The construction of this internal space via G 2 -holonomy spaces excludes a non-contractible S 1 and therefore, D4-branes can only appear in the internal space as dipoles (or higher multipoles) or that the total D4-brane charge vanishes. In fact, due to non-zero RR-flux, the D4-branes will be polarized as known from the Myers effect, where stability is ensured by the non-trivial world volume fields [58] . This implies however, that the world volume spectrum cannot be chiral. The same conclusion holds for D8-branes, that have to wrap a 5-cycle, again contractible (as the dual 1-cycle), and hence only polarized D8-branes can appear, which however do not give rise to a chiral spectrum.
Wrapped intersecting D6-branes
For D6-branes the situation is different. There are nearly Kähler spaces with a nontrivial third homology class and hence there are 3-cycles upon which one can wrap D6-branes. For the coset examples that we mentioned above, case (iv) has the correct topology for D6-branes to wrap around (different) 3-spheres. As discussed in [51] (see also [55] ), this space has three supersymmetric 3-cycles and if one wraps around each of them the same number of D6-branes, they add up to zero in homology, so that the total D6-brane charge is zero. Therefore, due to this geometric property of this nearly
Kähler space, there are no orientifold planes required to cancel the D6-brane charge.
This property is also reflected in cohomology. The D6-brane is charged under the RR-2-form, but since the second cohomology is trivial for this space, the total charge has to vanish. Note, the 2-form F ∼ J as well as the 3-form ReΩ, which "calibrates" the supersymmetric 3-cycle, are not closed, which is a crucial property of the nearly Kähler spaces. These generalized calibrations have been discussed in more detail in [59] and the fact that the calibrating form is not closed means that the volume is not minimized, but the action is extremized [60] [note, the RR-flux background induces on the worldvolume a non-trivial interaction]. The fact that no orientifold projections are required also implies that the geometry is not deformed if one wraps the same number of D6-branes around each 3-cycle -it will only shift the mass parameter. It was moreover shown in [51] that the resulting spectrum on the common intersection of all three stacks of branes wrapping the supersymmetric 3-cycle is chiral. In fact, viewed from the tangent space, the stacks of D6-branes intersect exactly in 120 o , giving rise to chiral fermions [39] at the intersection.
If we wrap k D6-branes around each cycle, the resulting gauge group would be SU(k) 3 . To obtain other gauge groups one can consider orbifolds of the original internal manifold, i.e. the nearly Kähler space (iv) is replaced by S 3 / m ⊗ S 3 / n , i.e. one wraps the D6-branes not around S 3 but the corresponding Lens space. Note, these orbifolds do not change the local metric and will still solve the equations, but the global structure is different and as a consequence also the gauge group changes.
In order to investigate this in more detail, we have to analyze the wrapping of each stack of D6-branes 7 . One possibility for the three supersymmetric 3-cycles is given by [51] : {(1, 0), (0, 1), (−1, −1)} where the two integers parameterize the third homology of the space S 3 ⊗ S 3 . In the case of the orbifold there are now two effects. If the brane wraps the Lens space, say S 3 / m , and the orbifold acts freely, the rank of the gauge group is reduced by a factor of n. On the other hand if the D6-branes are fixed by the n orbifold, one has to introduce additional Chan-Paton factors and the group is split, ie. the gauge group becomes U(k) n if we wrap kmn D6-branes on S 3 / m and the transversal space is S 3 / n . The same happens for the other 6-branes wrapping the remaining supersymmetric 3-cycles. Therefore, if we wrap (k · m · n) D6-branes on each of the supersymmetric 3-cycles of S 3 / m ⊗ S 3 / n , the gauge group will be:
q , where q = mn/p and p = gycd(mn). Note that the chiral matter, appearing at the intersection of the two Lens spaces is in the bi-fundamental representation of the corresponding gauge group factors.
Wrapped NS5-branes
A chiral spectrum can also be obtained by allowing for NS5-branes sources, i.e. dH = strings with both orientations would appear [61] . In string theory, the mass parameter corresponds to D8-branes and this relation can be understood due to creation of D6-branes when the D8-brane passes through the NS5-brane. So the D6-brane ends also on a D8-brane. 7 We are grateful to Angel Uranga and Ralph Blumenhagen for a discussion on this issue.
In contrast to the case discussed before, we need now non-contractible supersymmetric 2-cycles in order to wrap NS5-branes, i.e. the second Betti number should be non-zero b 2 = 0. Having these NS5-branes and the mass parameter the D6-and D4-branes are open with the endpoints fixed by the NS5-branes. Therefore, we should not consider the example (iv) from our list of nearly Kähler space, but instead consider the case (ii) or (iii). The example of È 3 might be too trivial, since it has only one supersymmetric 2-cycle (b 2 = 1) to wrap the NS5-brane. More interesting might be the flag manifold:
which has b 2 = 2 and, as in [61] , we can wrap two NS5-branes between which D4-branes are stretched and which fix the endpoints of D6-branes. Thus the D4-and D6-branes are stable even without any proper supersymmetric cycle in the internal space. In contrast to the case before, the resulting gauge group is fixed only by the number of D4-branes, which connect the two stacks of NS5-branes; the D6-branes also ending on at NS5-branes give two flavor group factors. Of course, one can also setup more complicated configurations by using spaces with b 2 > 2, e.g. by building twistor spaces over the self-dual Einstein space found in [62] .
A subtle question is the mass parameter, which is a crucial ingredient of this vacuum solution. If one keeps m just as a parameter and does not introduce D8-branes, the open D6-branes have to end on both sides on the NS5-branes. This however does not yield a chiral spectrum given by 4-6 strings, because for this it is important that the open D6-branes terminate on the NS5-brane only from one side [61] . A better setup is given, if there are polarized or dipole D8-branes, so that the total D8-brane charge is zero [recall, due to the absence of supersymmetric 5-cycle we cannot simply wrap D8-brane on this space] and the D6-branes can stretch between the NS5-and D8-branes.
Moduli fixing
A phenomenological viable model requires that all moduli are fixed. This is especially important in a cosmological setting, because massless scalars can absorb a non-zero vacuum energy. One has to distinguish between closed and open string moduli, where the latter ones are related to the brane position, i.e. they are fixed if the brane wraps a rigid cycle. The closed string moduli on the other hand correspond to deformations of the geometry. This discussion is very difficult, because the corresponding moduli spaces are not yet well understood in general. But for the simple cases that we discussed in more detail, the moduli space is finite and a discussion is given in [59] .
We expect that the closed string moduli are fixed by the (quantized) fluxes that cover all non-trivial cycles of the geometry. Note, due to the back-reaction of fluxes, the geometry of the internal space had to change: from the original flat or Calabi Yau (with no fluxes) to the nearly Kähler one. In the moduli space, this change in geometry is reflected in a lifting of moduli.
But the moduli space is not completely lifted and the remaining moduli should be related to open string moduli. E.g. the S 3 × S 3 geometry has a 3-dimensional moduli space [59] , which, if we wrap branes on the supersymmetric 3-cycles, is related to moving around these branes relative to each other. So, although the three supersym- 
Relaxation of the cosmological constant
A negative four-dimensional cosmological constant is a generic feature of supersymmetric flux vacua. In fact, for the massive Type IIA string theory, the internal space with SU(3) structures and a non-zero mass parameter impose that the fourdimensional space to be anti-deSitter. In the 10-d Einstein frame, the negative cos- The goal, however, is to obtain a small positive cosmological constant. Within our framework we shall comment here on two possible scenarios: (i) by using the Brown-Teitelboim mechanism of neutralization by membrane instantons [63] or (ii)
to consider a similar setup as KKLT scenario on the Type IIB side [28] . On the other hand, the Brown-Teitelboim mechanism (i) is much more appropriate for our supersymmetric vacuum solution. This setup was introduced in string theory in [64, 65, 66] and let us summarize some basic features. The crucial ingredients here are membrane instantons, which relax the cosmological constant in the external space. This is analogous to the decay of an electric field by Schwinger pair creation of charged particles. In Type IIA supergravity we have D2-branes, which appear in the 4-d external space as domain walls and separates regions with a different cosmological constant, where the jump in the cosmological constant is proportional to the brane charge. One does not need to consider strictly D2-branes, also a wrapped brane, which extends in two spatial directions in the external space appears as domain wall across which the cosmological constant jumps. As shown in the above literature in more detail, these instantons can lift the negative cosmological constant to a positive one and subsequently reach a deSitter vacuum. Due to false vacuum decay, this vacuum will not be stable, the most likely configuration is the one with the smallest cosmological constant [66] . In order to argue for a very small positive value, one needs an additional input. First, the decay from a positive to a negative cosmological constant is gravitationally suppressed [67] , but in order to come sufficiently close to a vanishing cosmological constant, one needs a small spacing in the jumps. Bousso and Polchinski [65] argued that a dense discretuum is generated due to multiple flux possibilities appearing in compactification of string or M-theory, but this is not enough to explain the observed smallness. Instead, due to a (weak) anthropic selection they end up with a vacuum of small positive cosmological constant. On the other hand, the implementation of the Brown-Teitelboim mechanism in [66] , relies especially on two additional inputs: the brane may wrap an internal degenerate cycle and the world volume dynamics give rise to large density of state factor. Both effects yield a dynamical relaxation of the cosmological constant to even smaller values.
It is straightforward to apply these arguments to our case. One way is to consider D2-branes to relax the cosmological constant and if the NS-flux is sufficiently small, also the dilaton becomes small (e φ ≪ 1) yielding a small spacing in the discrete jumps. But one can also consider other branes, e.g. the D8-branes in our second example (with wrapped NS5-branes), can also appear as domain walls in the external space if they wrap the whole internal space and as in [66] this might yield an efficient relaxation of the cosmological constant. Note however, both scenarios are non-BPS, because the 4-d external space is parallel to a D4-brane and a D2-brane as domain wall is non-BPS configuration. The same holds also for D8-branes, which are non-BPS if they are non-parallel to D4-branes (also D6-branes would not be BPS if they appear as domain walls in the external space). So, whatever brane relaxes the 4-d cosmological constant, it will break supersymmetry.
